// This is the file to include in your code if you want access to the
// complete AList template class
// First, get the declaration for the base list class
template <class Elem> // Array-based list implementation
class AList : public List<Elem> {
private:
  int maxSize;        // Maximum size of list
  int listSize;       // Actual number of elements in list
  int fence;          // Position of fence, first element of right partition
  Elem* listArray;    // Array holding list elements
public:
  AList(int size=DefaultListSize) { // Constructor
    maxSize = size;
    listSize = fence = 0;
    listArray = new Elem[maxSize];
  }
  ~AList() { delete [] listArray; } // Destructor
  void clear() {
    delete [] listArray;
    listSize = fence = 0;
    listArray = new Elem[maxSize];
  }
  bool insert(const Elem&);
  bool append(const Elem&);
  bool remove(Elem&);
  void setStart() { fence = 0; }
  void setEnd()   { fence = listSize; }
  void prev()     { if (fence != 0) fence--; }
 // void next()     { if (fence <= listSize) fence++; }
    void next()     { if (fence < listSize) fence++; }  
  int leftLength() const  { return fence; }
  int rightLength() const { return listSize - fence; }
  bool setPos(int pos) {
    if ((pos >= 0) && (pos <= listSize)) fence = pos;
    return (pos >= 0) && (pos <= listSize);
  }
  bool getValue(Elem& it) const {
    if (rightLength() == 0) return false;
    else { it = listArray[fence]; return true; }
  }
  void print() const {
    int temp = 0;
    cout << "< ";
    while (temp < fence) cout << listArray[temp++] << " ";
    cout << "| ";
    while (temp<listSize) cout << listArray[temp++] << " ";
    cout << ">\n";
  }
};
template <class Elem> // Insert at front of right partition
bool AList<Elem>::insert(const Elem& item) {
  if (listSize == maxSize) return false; // List is full
  for(int i=listSize; i>fence; i--)      // Shift Elems up
    listArray[i] = listArray[i-1];       //   to make room
  listArray[fence] = item;
  listSize++;                       // Increment list size
  return true;
}
template <class Elem> // Append Elem to end of the list
bool AList<Elem>::append(const Elem& item) {
  if (listSize == maxSize) return false;
  listArray[listSize++] = item;
  return true;
}
// Remove and return first Elem in right partition
template <class Elem> bool AList<Elem>::remove(Elem& it) {
  if (rightLength() == 0) return false; // Nothing in right
  it = listArray[fence];                // Copy removed Elem
  for(int i=fence; i<listSize-1; i++)   // Shift them down
    listArray[i] = listArray[i+1];
  listSize--;                           // Decrement size
  return true;
}
-----------------------------------------------
// Sorted array-based list
#include"AList.h"
template <class Elem, class Compare>
class SAList: protected AList<Elem> {
public:
  SAList(int size=DefaultListSize) : AList<Elem>(size) {}
  ~SAList() {}                    // Destructor
  AList<Elem>::clear;  // Expose AList clear method
  // Redefine insert function to keep values sorted
  bool insert(const Elem& item) { 
    Elem curr;
    for (setStart(); getValue(curr); next())
      if(!Compare::lt(curr, item)) break; // or curr>=item
    return AList<Elem>::insert(item);
  }
  // All remaining methods are exposed from AList
  AList<Elem>::remove;
  AList<Elem>::setStart;
  AList<Elem>::setEnd;
  AList<Elem>::prev;
  AList<Elem>::next;
  AList<Elem>::leftLength;
  AList<Elem>::rightLength;
  AList<Elem>::setPos;
  AList<Elem>::getValue;
  AList<Elem>::print;
};
-----------------------------------------------
// Singly-linked list node
#ifndef LINK_H
#define LINK_H

template <class Elem> 
class Link {
public:
  Elem element;      // Value for this node
  Link *next;        // Pointer to next node in list
  Link(const Elem& elemval, Link* nextval =NULL)
    { element = elemval;  next = nextval; }
  Link(Link* nextval =NULL) { next = nextval; } 
};

#endif

// Linked list implementation
template <class Elem> 
class LList: public List<Elem> {
private:
  Link<Elem>* head;       // Pointer to list header
  Link<Elem>* tail;       // Pointer to last Elem in list 
  Link<Elem>* fence;      // Last element on left side
  int leftcnt;            // Size of left partition
  int rightcnt;           // Size of right partition
  void init() {           // Intialization routine
    fence = tail = head = new Link<Elem>;
    leftcnt = rightcnt = 0;
  }
  void removeall() {   // Return link nodes to free store
    while(head != NULL) {
      fence = head;
      head = head->next;
      delete fence;
    }
  }
public:
  LList(int size=DefaultListSize) { init(); }
  ~LList() { removeall(); }  // Destructor
  void clear() { removeall(); init(); }
  bool insert(const Elem&);
  bool append(const Elem&);
  bool remove(Elem&);
  void setStart()
    { fence = head; rightcnt += leftcnt; leftcnt = 0; }
  void setEnd()
    { fence = tail; leftcnt += rightcnt; rightcnt = 0; }
  void prev();
  void next() {
    if (fence != tail) // Don't move fence if right empty
      { fence = fence->next; rightcnt--; leftcnt++; }
  }
  int leftLength() const  { return leftcnt; }
  int rightLength() const { return rightcnt; }
  bool setPos(int pos);
  bool getValue(Elem& it) const {
    if(rightLength() == 0) return false;
    it = fence->next->element;
    return true;
  }
  void print() const;
};

template <class Elem> // Insert at front of right partition
bool LList<Elem>::insert(const Elem& item) {
  fence->next = new Link<Elem>(item, fence->next);  
  if (tail == fence) tail = fence->next;  // New tail
  rightcnt++;
  return true;
}

template <class Elem> // Append Elem to end of the list
bool LList<Elem>::append(const Elem& item) {
  tail = tail->next = new Link<Elem>(item, NULL);
  rightcnt++;
  return true;
}

// Remove and return first Elem in right partition
template <class Elem> bool LList<Elem>::remove(Elem& it) {
  if (fence->next == NULL) return false; // Empty right
  it = fence->next->element;       // Remember value
  Link<Elem>* ltemp = fence->next; // Remember link node
  fence->next = ltemp->next;       // Remove from list
  if (tail == ltemp) tail = fence; // Reset tail
  delete ltemp;                    // Reclaim space
  rightcnt--;
  return true;
}

// Move fence one step left; no change if left is empty
template <class Elem> void LList<Elem>::prev() {
  Link<Elem>* temp = head;
  if (fence == head) return; // No previous Elem
  while (temp->next!=fence) temp=temp->next;
  fence = temp;
  leftcnt--; rightcnt++;
}

// Set the size of left partition to pos
template <class Elem> bool LList<Elem>::setPos(int pos) {
  if ((pos < 0) || (pos > rightcnt+leftcnt)) return false;
  fence = head;
  for(int i=0; i<pos; i++) fence = fence->next;
  return true;
}

template <class Elem> void LList<Elem>::print() const {
  Link<Elem>* temp = head;
  cout << "< ";
  while (temp != fence) {
    cout << temp->next->element << " ";
    temp = temp->next;
  }
  cout << "| ";
  while (temp->next != NULL) {
    cout << temp->next->element << " ";
    temp = temp->next;
  }
  cout << ">\n";
}
-----------------------------------------------
// complete DList template class
// Doubly-linked list link node with freelist support
template <class Elem> class Link {
public:
  Elem element;       // Value for this node
  Link *next;         // Pointer to next node in list
  Link *prev;         // Pointer to previous node
  Link(const Elem& e, Link* prevp =NULL, Link* nextp =NULL)
    { element = e;  prev = prevp;  next = nextp; }
  Link(Link* prevp =NULL, Link* nextp =NULL)
    { prev = prevp;  next = nextp; }
  
};
// First, get the declaration for the base list class
#include "list.h"
#include "Dlink.h"
// Linked list implementation
template <class Elem> class LList: public List<Elem> {
private:
  Link<Elem>* head;       // Pointer to list header
  Link<Elem>* tail;       // Pointer to last Elem in list 
  Link<Elem>* fence;      // Last element on left side
  int leftcnt;            // Size of left partition
  int rightcnt;           // Size of right partition
  void init() {           // Intialization routine
    fence = tail = head = new Link<Elem>;
    leftcnt = rightcnt = 0;
  }
  void removeall() {   // Return link nodes to free store
    while(head != NULL) {
      fence = head;
      head = head->next;
      delete fence;
    }
  }
public:
  LList(int size=DefaultListSize) { init(); }
  ~LList() { removeall(); }  // Destructor
  void clear() { removeall(); init(); }
  bool insert(const Elem&);
  bool append(const Elem&);
  bool remove(Elem&);
  void setStart()
    { fence = head; rightcnt += leftcnt; leftcnt = 0; }
  void setEnd()
    { fence = tail; leftcnt += rightcnt; rightcnt = 0; }
  void prev();
  void next() {
    if (fence != tail) // Don't move fence if right empty
      { fence = fence->next; rightcnt--; leftcnt++; }
  }
  int leftLength() const  { return leftcnt; }
  int rightLength() const { return rightcnt; }
  bool setPos(int pos);
  bool getValue(Elem& it) const {
    if(rightLength() == 0) return false;
    it = fence->next->element;
    return true;
  }
  void print() const;
};
// First are the functions not implemented in llist.h that
// are different from the singly linked list version.
template <class Elem> // Insert at front of right partition
bool LList<Elem>::insert(const Elem& item) {
  fence->next = new Link<Elem>(item, fence, fence->next);  
  if (fence->next->next != NULL) // If not deleting at end
    fence->next->next->prev = fence->next;
  if (tail == fence)             // Appending new Elem
    tail = fence->next;          //   so set tail
  rightcnt++;                    // Added to right
  return true;
}

template <class Elem> // Append Elem to end of the list.
bool LList<Elem>::append(const Elem& item) {
  tail = tail->next = new Link<Elem>(item, tail, NULL);
  rightcnt++;                    // Added to right
  return true;
}

// Remove and return first Elem in right partition
template <class Elem> bool LList<Elem>::remove(Elem& it) {
  if (fence->next == NULL) return false; // Empty right
  it = fence->next->element;       // Remember value
  Link<Elem>* ltemp = fence->next; // Remember link node
  if (ltemp->next != NULL) ltemp->next->prev = fence;
  else tail = fence;               // Reset tail
  fence->next = ltemp->next;       // Remove from list
  delete ltemp;                    // Reclaim space
  rightcnt--;                      // Removed from right
  return true;
}

// Move fence one step left; no change if left is empty
template <class Elem> void LList<Elem>::prev() {
  if (fence != head)  // Can't back up from list head
    { fence = fence->prev; leftcnt--; rightcnt++; }
}
 // The rest are the same as singly link list
-----------------------------------------------
//Extra codes for dictionary(dictionary is below)
class Employee
{  public:
 int ID;
 string name;
Employee(int i=0, string n="undefined"){ID=i;name=n;}
};
ostream& operator<< (ostream& osObject, const Employee& c)
{osObject<<"("<<c.ID<<", " <<c.name<<")"; 
return osObject;}
class IDCompare 
{
public:
static bool lt(const Employee& x, const Employee& y)
{ return x.ID < y.ID; }   
static bool gt(const Employee& x,const  Employee& y)
{ return x.ID > y.ID; }
static bool eq(const Employee& x, const Employee& y)
{ return x.ID == y.ID; }
};
class NameCompare 
{public:
 static bool lt(const Employee& x, const Employee& y) 
 { return x.name< y.name; }
static bool gt(const Employee& x,const Employee& y)
{ return x.name> y.name; }
static bool eq(const Employee& x,const Employee& y)   { {return x.name== y.name; }
};
class IDEmpCompare 
{
 public:
static bool lt(int i,Employee& x )
     { return  i<x.ID ; }
static bool gt(int i,Employee& x )
     { return  i> x.ID; }
static bool eq(int i,Employee& x )
     { return  i==x.ID ; }
};
----------------------------------------------
KEComp compares a key and an element. EEComp compares two elements.  
#include "dictionary.h"
#include "AList.h"
// Dictionary implemented with an unsorted array-based list
template <class Key, class Elem, class KEComp, class EEComp>
class UALdict : public Dictionary<Key,Elem,KEComp,EEComp> {
private:
  AList<Elem>* list;
public:
  UALdict(int size=DefaultListSize)
    { list = new AList<Elem>(size); }
  ~UALdict() { delete list; }
  void clear() { list->clear(); }
  bool insert(const Elem& e) { return list->append(e); }
  bool remove(const Key& K, Elem& e) {
    for(list->setStart(); list->getValue(e); list->next())
      if (KEComp::eq(K, e)) {
        list->remove(e);
        return true;
      }
    return false;
  }
  bool removeAny(Elem& e) {
    if (size() == 0) return false;
    list->setEnd();
    list->prev();
    list->remove(e);
    return true;
  }
  bool find(const Key& K, Elem& e) const {
    for(list->setStart(); list->getValue(e); list->next())
      if (KEComp::eq(K, e)) return true;
    return false;
  }
  int size()
    { return list->leftLength() + list->rightLength(); }
};
----------------------------------------------#include "dictionary.h"
#include "SAList2.h"
// Dictionary implemented with a sorted array-based list
template <class Key, class Elem, class KEComp, class EEComp>
class SALdict : public Dictionary<Key,Elem,KEComp,EEComp> {
private:
  SAList<Elem, EEComp>* list;
public:
  SALdict(int size=DefaultListSize)
    { list = new SAList<Elem, EEComp>(size); }
  ~SALdict() { delete list; }
  void clear() { list->clear(); }
  bool insert(const Elem& e)
    { return list->insert(e); }
  bool remove(const Key& K, Elem& e) {
    for (list->setStart(); list->getValue(e); list->next())
      if (KEComp::eq(K, e)) {  // Sequential search
        list->remove(e);
        return true;
      }
    return false;
  }
  bool removeAny(Elem& e) {
    if (size() == 0) return false;
    list->setEnd();
    list->prev(); // Go one from end
    list->remove(e);
    return true;
  }
  bool find(const Key& K, Elem& e) const {
    int l = -1;
    int r = list->leftLength() + list->rightLength();
    while (l+1 != r) { // Stop when l and r meet
      int i = (l+r)/2; // Check middle of remaining subarray
      list->setPos(i);
      list->getValue(e);
      if (KEComp::lt(K, e)) r = i; // In left half
      if (KEComp::eq(K, e)) return true; // Found it
      if (KEComp::gt(K, e)) l = i; // In right half
    }
    return false;
  }
  int size()
    { return list->leftLength() + list->rightLength(); }
};
----------------------------------------------
// First, get the declaration for the base stack class
#include "stack.h"

// Array-based stack implementation
template <class Elem> 
class AStack: public Stack<Elem> {
private:
  int size;                 // Maximum size of stack
  int top;                  // Index for top element
  Elem *listArray;          // Array holding stack elements
public:
  AStack(int sz =DefaultListSize)     // Constructor
    { size = sz;  top = 0; listArray = new Elem[sz]; }
  ~AStack() { delete [] listArray; }  // Destructor
  void clear() { top = 0; }
  bool push(const Elem& item) {
    if (top == size) return false; // Stack is full
    else { listArray[top++] = item;  return true; }
  }
  bool pop(Elem& it) {            // Pop top element
    if (top == 0) return false;
    else { it = listArray[--top];  return true; }
  }
  bool topValue(Elem& it) const { // Return top element
    if (top == 0) return false;
    else { it = listArray[top-1];  return true; }
  }
  int length() const { return top; }
};
-----------------------------------------------
// This is the file to include in your code if you want access to the
// complete AQueue template class

// First, get the declaration for the base stack class
#include "queue.h"

// Array-based queue implementation
template <class Elem> class AQueue: public Queue<Elem> {
private:
  int size;                  // Maximum size of array hosting queue
  int front;                 // Index of front element
  int rear;                  // Index of rear element
  Elem *listArray;           // Array holding queue elements
public:
  AQueue(int sz =DefaultListSize) { // Constructor 
    // Make list array one position larger for empty slot
    size = sz+1;
    rear = 0;  front = 1;
    listArray = new Elem[size];
  }
  ~AQueue() { delete [] listArray; } // Destructor
  void clear() { front = 1;rear=0; }
  bool enqueue(const Elem& it) {
    if (((rear+2) % size) == front) return false;  // Full
    rear = (rear+1) % size; // Circular increment
    listArray[rear] = it;
    return true;
  }
  bool dequeue(Elem& it) {
    if (length() == 0) return false;  // Empty
    it = listArray[front];
    front = (front+1) % size; // Circular increment
    return true;
  }
  bool frontValue(Elem& it) const {
    if (length() == 0) return false;  // Empty
    it = listArray[front];
    return true;
  }
 int length() const
   { return ((rear+size) - front + 1) % size; }
};
-----------------------------------------------
// This is the file to include in your code if you want access to the
// complete LStack template class

// Include the link class
#include "link.h"

// First, get the declaration for the base stack class
#include "stack.h"

// Link list-based stack implementation
template <class Elem> 
class LStack: public Stack<Elem> {
private:
  Link<Elem>* top;           // Pointer to first element
  int size;                  // Count number of elements
public:
  LStack(int sz =DefaultListSize) { top = NULL; size = 0; }
  ~LStack() { clear(); }     // Destructor
  void clear() {
	Link<Elem>* temp;
    while (top != NULL) {    // Delete link nodes
      temp = top;
      top = top->next;
      delete temp;
    }
	size = 0;
  }
  bool push(const Elem& item) {
    top = new Link<Elem>(item, top);
    size++;
    return true;
  }
  bool pop(Elem& it) {
    if (size == 0) return false;
    it = top->element;
    Link<Elem>* ltemp = top->next;
    delete top;
    top = ltemp;
    size--;
    return true;
  }
  bool topValue(Elem& it) const {
    if (size == 0) return false;
    it = top->element;
    return true;
  }
  int length() const { return size; }
};
-----------------------------------------------
// This is the file to include in your code if you want access to the
// complete LQueue template class

// Include the link class
#include "link.h"

// First, get the declaration for the base stack class
#include "queue.h"

// Linked queue implementation
template <class Elem> 
class LQueue: public Queue<Elem> {
private:
  Link<Elem>* front;     // Pointer to front queue node
  Link<Elem>* rear;      // Pointer to rear queue node
  int size;              // Number of elements in queue
public:
  LQueue(int sz =DefaultListSize)  // Constructor 
    { front = NULL;  rear = NULL; size = 0; }
  ~LQueue() { clear(); } // Destructor
  void clear() {         // Clear queue
    Link<Elem>* temp;   
	while(front != NULL) { // Delete each link node
      temp = front;
      front = front->next;
      delete temp;
    }
    rear = NULL;
    size = 0;
  }
  bool enqueue(const Elem& it) {
    if (rear == NULL)   // Empty queue
      front = rear = new Link<Elem>(it, NULL);
    else {              // Append new node
      rear->next = new Link<Elem>(it, NULL);
      rear = rear->next;
    }
    size++;
    return true;
  }
  bool dequeue(Elem& it) { // Remove Elem from front
    if (size == 0) return false;    // Empty
    it = front->element;            // Store dequeued value
    Link<Elem>* ltemp = front;      // Hold dequeued link
    front = front->next;            // Advance front
    delete ltemp;                   // Delete link
    if (front == NULL) rear = NULL; // Dequeued last                          
    element
    size --;
    return true;                    // Return element value
  }
  bool frontValue(Elem& it) const {
    if (size == 0) return false;
    it = front->element;
    return true;
  }
  int length() const { return size; }
};
-----------------------------------------------
//Class Int
class Int {
friend ostream& operator<<(ostream& s, const Int& i)
  { return s << i.key(); }
friend ostream& operator<<(ostream& s, const Int* i)
  { return s << i->key(); }
friend istream& operator>>(istream& s, Int* i)
  {  s>> i->val;   return s; }
friend istream& operator>>(istream& s, Int& i)
 {  s>> i.val;  return s; 	  }
private:
  int val;
public:
  Int(int input=0) { val = input; }
  int key() const { return val; }
  int operator=(int input) { val = input; }
};
Main::
AList<Int*> L1;  // This is a list of pointers to class Int
AList<Int*> L2(15);
AList<Int> L3;   
AList<int> L4; 
for (L1.setStart(); L1.append(new Int(rand()%100)); L1.next());

for (L2.setStart(); L2.append(new Int(rand()%100)); L2.next());

for (L3.setStart(); L3.append(  Int(rand()%100)); L3.next());

for (L4.setStart(); L4.append((rand()%100)); L4.next());
Int x;
cout<<"Enter value to search in L2: ";
cin>>x;
Int *px=&x; 
-----------------------------------------------//Difference between array and linked list
Array-Based Lists:
· Size to predetermine, space requirement is Ω(n) 
· Insertion and deletion are (n).
· Prev and direct access are (1).
· Array must be allocated in advance.
· No overhead if all array positions are full.
Linked Lists:
· Space requirement is  (n) 
· Insertion and deletion are (1).
· Prev and direct access are (n).
· Space grows with number of elements.
· Every element requires overhead.
--------------------------------------------------
---------------------------------------------------
---------------------------------------------------
---------------------------------------------------
---------------------------------------------------



Divide and conquer recurrence
T(n) = a T(n/b) + c nk ;   T(1) = c
Assuming:  n = bm;  By expanding, we get:
T(n) = c am Σmi=0 (bk/a)i 
If a > bk    T(n) = θ(nlogba);
If a = bk    T(n) = θ(nk logn); 
If a < bk    T(n) = θ(nk);
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// Binary tree node abstract class
template <class Elem> 
class BinNode {
public:
  // Return the node's element
  virtual Elem& val() = 0;
  // Set the node's element
  virtual void setVal(const Elem&) = 0;
  // Return the node's left child
  virtual BinNode* left() const = 0;
  // Set the node's left child
  virtual void setLeft(BinNode*) = 0;
  // Return the node's right child
  virtual BinNode* right() const = 0;
  // Set the node's right child
  virtual void setRight(BinNode*) = 0;
  // Return true iff the node is a leaf
  virtual bool isLeaf() = 0;
};

// Binary tree node class
template <class Elem>
class BinNodePtr : public BinNode<Elem> {
private:
  Elem it;                     // The node's value
  BinNodePtr* lc;              // Pointer to left child
  BinNodePtr* rc;              // Pointer to right child
public:
  // Two constructors -- with and without initial values
  BinNodePtr() { lc = rc = NULL; }
  BinNodePtr(Elem e, BinNodePtr* l =NULL,
                     BinNodePtr* r =NULL)
    { it = e; lc = l; rc = r; }
  ~BinNodePtr() {}             // Destructor
  Elem& val() { return it; }
  void setVal(const Elem& e) { it = e; }
  inline BinNode<Elem>* left() const { return lc; }
  void setLeft(BinNode<Elem>* b) { lc = (BinNodePtr*)b; } //conversion must be explicit
  inline BinNode<Elem>* right() const { return rc; }
  void setRight(BinNode<Elem>* b) { rc = (BinNodePtr*)b; }
  bool isLeaf() { return (lc == NULL) && (rc == NULL); }
};
--------------------------------------------------
//IMPORTANT for BT
<class Elem> 
void preorder(BinNode<Elem>* subroot) 
{
  if (subroot == NULL) return;  // Empty
  visit(subroot);  // Perform some action
  preorder(subroot->left()); // Even if empty child 
  preorder(subroot->right());
}

template <class Elem>
void inorder(BinNode<Elem>* subroot)
{ if (subroot==NULL) return;
  inorder(subroot->left());
  cout<<subroot->val()<<endl;
  inorder(subroot->right());
}

template <class Elem> 
void inordernonrec(BinNode<Elem>* subroot)
{
int size=count(subroot);
AStack<BinNode<Elem>*> stack(size);
BinNode <Elem>* current;
current=subroot;
while(current!=NULL || (!stack.length()==0))
{
if(current!=NULL)
{
stack.push(current);
current=current->left();
}
else
{
stack.pop(current);
cout<<current->val()<<" ";
current=current->right();
}
}
}
template <class Elem>
int count(BinNode<Elem>* subroot) 
{
  if (subroot == NULL)
    return 0;  // Nothing to count

  return 1 + count(subroot->left())
           + count(subroot->right());
}

template <class Elem>
int sum(BinNode<Elem>* subroot) 
{
  if (subroot == NULL)
    return 0;  // Nothing to count

  return subroot->val() + sum(subroot->left())
           + sum(subroot->right());
}

template <class Elem>
int nnulls(BinNode<Elem>*subroot)
{ if (subroot==NULL)
		return 1;
return  nnulls(subroot->left())+ nnulls(subroot->right());
}
---------------------------------------------------
//BST IMPLEMENTATION

#include "dictionary.h"
#include "binnode.h"
// Binary Search Tree implementation for the Dictionary ADT
template <class Key, class Elem, class KEComp, class EEComp>
class BST : public Dictionary<Key, Elem, KEComp, EEComp> {
private:
  BinNode<Elem>* root;   // Root of the BST
  int nodecount;         // Number of nodes in the BST
  // Private "helper" functions
  void clearhelp(BinNode<Elem>*);
  BinNode<Elem>* inserthelp(BinNode<Elem>*, const Elem&);
  BinNode<Elem>* deletemin(BinNode<Elem>*, BinNode<Elem>*&);
  BinNode<Elem>* removehelp(BinNode<Elem>*, const Key&,
                            BinNode<Elem>*&);
  bool findhelp(BinNode<Elem>*, const Key&, Elem&) const;
  void printhelp(BinNode<Elem>*, int) const;
public:
  BST() { root = NULL; nodecount = 0; }  // Constructor
  ~BST() { clearhelp(root); }            // Destructor
  void clear()
    { clearhelp(root); root = NULL; nodecount = 0; }
  bool insert(const Elem& e) {
    root = inserthelp(root, e);
    nodecount++;
    return true;
  }
  bool remove(const Key& K, Elem& e) {
    BinNode<Elem>* t = NULL;
    root = removehelp(root, K, t);
    if (t == NULL) return false;  // Nothing found
    e = t->val();
    nodecount--;
    delete t;
    return true;
  }
  bool removeAny(Elem& e) { // Delete min value
    if (root == NULL) return false; // Empty tree
    BinNode<Elem>* t;
    root = deletemin(root, t);
    e = t->val();
    delete t;
    nodecount--;
    return true;
  }
  bool find(const Key& K, Elem& e) const
    { return findhelp(root, K, e); }
  int size() { return nodecount; }
  void print() const {
    if (root == NULL) cout << "The BST is empty.\n";
    else printhelp(root, 0);
  }
};

template <class Key, class Elem, class KEComp, class EEComp>
void BST<Key, Elem, KEComp, EEComp>::
clearhelp(BinNode<Elem>* subroot) {
  if (subroot == NULL) return;
  clearhelp(subroot->left());
  clearhelp(subroot->right());
  delete subroot;
}

template <class Key, class Elem, class KEComp, class EEComp>
BinNode<Elem>* BST<Key, Elem, KEComp, EEComp>::
inserthelp(BinNode<Elem>* subroot, const Elem& val) {
  if (subroot == NULL)            // Empty tree: create node
    return (new BinNodePtr<Elem>(val, NULL, NULL));
  if (EEComp::lt(val, subroot->val())) // Insert on left
    subroot->setLeft(inserthelp(subroot->left(), val));
  else subroot->setRight(inserthelp(subroot->right(), val));
  return subroot;  // Return subtree with node inserted
}

template <class Key, class Elem, class KEComp, class EEComp>
BinNode<Elem>* BST<Key, Elem, KEComp, EEComp>::
deletemin(BinNode<Elem>* subroot, BinNode<Elem>*& min) {
  if (subroot->left() == NULL) { // Found min
    min = subroot;
    return subroot->right();
  }
  else {                         // Continue left
    subroot->setLeft(deletemin(subroot->left(), min));
    return subroot;
  }
}

template <class Key, class Elem, class KEComp, class EEComp>
BinNode<Elem>* BST<Key, Elem, KEComp, EEComp>::
removehelp(BinNode<Elem>* subroot, const Key& K,
           BinNode<Elem>*& t) {
  if (subroot == NULL) return NULL; // Val is not in tree
  else if (KEComp::lt(K, subroot->val())) // Check left
    subroot->setLeft(removehelp(subroot->left(), K, t));
  else if (KEComp::gt(K, subroot->val())) // Check right
    subroot->setRight(removehelp(subroot->right(), K, t));
  else {                           // Found it: remove it
    BinNode<Elem>* temp;
    t = subroot;
    if (subroot->left() == NULL)       // Only a right child
      subroot = subroot->right();      //  so point to right
    else if (subroot->right() == NULL) // Only a left child
      subroot = subroot->left();       //  so point to left
    else {                    // Both children are non-empty
      subroot->setRight(deletemin(subroot->right(), temp)); //temp:inorder successor
						// returns a pointer to subroot->right()
      Elem te = subroot->val();  // remember value of node to remove
      subroot->setVal(temp->val());
      temp->setVal(te);
      t = temp;
    }
  }
  return subroot;
}

template <class Key, class Elem, class KEComp, class EEComp>
bool BST<Key, Elem, KEComp, EEComp>:: findhelp(
      BinNode<Elem>* subroot, const Key& K, Elem& e) const {
  if (subroot == NULL) return false;         // Empty tree
  else if (KEComp::lt(K, subroot->val()))    // Check left
    return findhelp(subroot->left(), K, e);
  else if (KEComp::gt(K, subroot->val()))    // Check right
    return findhelp(subroot->right(), K, e);
  else { e = subroot->val();  return true; } // Found it
}

template <class Key, class Elem, class KEComp, class EEComp>
void BST<Key, Elem, KEComp, EEComp>::
printhelp(BinNode<Elem>* subroot, int level) const {
  if (subroot == NULL) return;          // Empty tree
  printhelp(subroot->left(), level+1);  // Do left subtree
  for (int i=0; i<level; i++)           // Indent to level
    cout << "  ";
  cout << subroot->val() << "\n";       // Print node value
  printhelp(subroot->right(), level+1); // Do right subtree
}
---------------------------------------------------
// Some definitions for Comparator classes
class intintCompare {
public:
  static bool lt(int x, int y) { return x < y; }
  static bool eq(int x, int y) { return x == y; }
  static bool gt(int x, int y) { return x > y; }
};

class IntIntCompare {
public:
  static bool lt(Int x, Int y) { return x.key() < y.key(); }
  static bool eq(Int x, Int y) { return x.key() == y.key(); }
  static bool gt(Int x, Int y) { return x.key() > y.key(); }
};

class intIntCompare {
public:
  static bool lt(int x, Int y) { return x < y.key(); }
  static bool eq(int x, Int y) { return x == y.key(); }
  static bool gt(int x, Int y) { return x > y.key(); }
};

class intIntsCompare {
public:
  static bool lt(int x, Int* y) { return x < y->key(); }
  static bool eq(int x, Int* y) { return x == y->key(); }
  static bool gt(int x, Int* y) { return x > y->key(); }
};

class IntsIntsCompare {
public:
  static bool lt(Int* x, Int* y) { return x->key() < y->key(); }
  static bool eq(Int* x, Int* y) { return x->key() == y->key(); }
  static bool gt(Int* x, Int* y) { return x->key() > y->key(); }
};

class CCCompare {
public:
  static bool lt(char* x, char* y) { return strcmp(x, y) < 0; }
  static bool eq(char* x, char* y) { return strcmp(x, y) == 0; }
  static bool gt(char* x, char* y) { return strcmp(x, y) > 0; }
};
---------------------------------------------------
// The Dictionary abstract class.  KEComp compares a key
// and an element. EEComp compares two elements.  
template <class Key, class Elem, class KEComp, class EEComp>
class  Dictionary {
public:
  // Reinitialize dictionary
  virtual void clear() = 0;
  // Insert an element.  Return true if insert is
  // successful, false otherwise.
  virtual bool insert(const Elem&) = 0;
  // Remove some element matching Key.  Return true if such
  // exists, false otherwise.  If multiple entries match
  // Key, an arbitrary one is removed.
  virtual bool remove(const Key&, Elem&) = 0;
  // Remove and return an arbitrary element from dictionary.
  // Return true if some element is found, false otherwise.
  virtual bool removeAny(Elem&) = 0;
  // Return a copy of some Elem matching Key.  Return true
  // if such exists, false otherwise.  If multiple elements
  // match Key, return an arbitrary one.
  virtual bool find(const Key&, Elem&) const = 0;
  // Return the number of elements in the dictionary.
  virtual int size() = 0;
};
///////////Cost for BST:
Traversing: O (n)
Find:   O (log n) (balanced tree) to O (n) (worse)
Delete: O (log n) (balanced tree) to O (n) 
		    involves finding the node and then replacing it 	     with the node with minimum in the right 
		     sub-tree
Insert n nodes: O (nlog n) if nodes arrive randomly
		   O (n2) if nodes arrive in increasing value
Ideally, want: a balanced tree.
---------------------------------------------------
//BOOK
#include <time.h>  // Used by timing functions
#include <iostream>
using namespace std;

// Utility functions and macros

// Return true iff x is even
inline bool EVEN(int x) { return (x % 2) == 0; }

// Return true iff x is odd
inline bool ODD(int x) { return (x & 1) != 0; }

const int DefaultListSize = 10; // Lists, etc. default size 

// Assert: If boolean expression is false, print a message
//   and terminate the program
void Assert(bool val, char* string) {
  if (!val) { // Assertion failed -- close the program
    cout << "Assertion Failed: " << string << endl;
    exit(-1);
  }
}

// Random number generator functions

inline void Randomize() // Seed the generator
  { srand(1); }

// Return a random value in range 0 to n-1
inline int Random(int n)
  { return rand() % (n); }

// Swap two elements in a generic array
template<class Elem>
inline void swap(Elem A[], int i, int j) {
  Elem temp = A[i];
  A[i] = A[j];
  A[j] = temp;
}

// Swap two objects passed by reference
template<class Elem>
inline void swap(Elem &e1, Elem &e2) {
  Elem temp = e1;
  e1 = e2;
  e2 = temp;
}

// Timing variables and functions
clock_t tstart = 0;  // Time at beginning of timed section

// Initialize the program timer
void Settime()
  { tstart = clock(); }

// Return the elapsed time since the last call to Settime
double Gettime()
  { return (double)((double)clock() - (double)tstart)/
           (double)CLOCKS_PER_SEC; }

// Your basic int type as an object.
class Int {
private:
  int val;
public:
  Int(int input=0) { val = input; }
  // The following is for those times when we actually
  //   need to get a value, rather than compare objects.
  int key() const { return val; }
  // Overload = to support Int foo = 5 syntax
 int operator=(int input) { val = input; }
};

// Let us print out Ints easily
ostream& operator<<(ostream& s, const Int& i)
  { return s << i.key(); }
ostream& operator<<(ostream& s, const Int* i)
  { return s << i->key(); }
---------------------------------------------------
//BIN NODE MAIN
void main()
{ BinNode<int> *mytree;
  BinNode<int>* p;
  int i;
  int item;
  
  cout<<" enter an item to add to the tree:";
  cin>>item;
  mytree= new BinNodePtr<int>(item);
   
  cout<<" enter an item to add to the tree:";
  cin>>item;
  p= new BinNodePtr<int>(item);
  mytree->setLeft(p);
  
  cout<<" enter an item to add to the tree:";
  cin>>item;
  p= new BinNodePtr<int>(item);
  mytree->setRight(p);
  
  p=mytree;
  
  cout<<" Elements are:\n"
      <<p->val()<<"  "<<p->left()->val()<<"  "
	  <<p->right()->val()<<endl;
}
---------------------------------------------------
//Dictionary MAIN
#include <iostream>
#include <string>
#include "BST.h"
using namespace std;

class Employee
{
  public:
    
 int ID;
    string name;
	Employee(int i=0, string n="undefined"){ID=i;name=n;}
};

ostream& operator<< (ostream& osObject, const Employee& c)
	{osObject<<"("<<c.ID<<", " <<c.name<<")"; 
		return osObject;}

class IDCompare 
{
	public:	
// static functions so they can be used without 
		// having an instantiated object

static bool lt(const Employee& x, const Employee& y)
     { return x.ID < y.ID; }
   
static bool gt(const Employee& x,const  Employee& y)
     { return x.ID > y.ID; }

static bool eq(const Employee& x, const Employee& y)
     { return x.ID == y.ID; }

};

class NameCompare 
{
	public:
   static bool lt(const Employee& x, const Employee& y)
    { return x.name< y.name; }
 
	static bool gt(const Employee& x, const Employee& y)
    { return x.name> y.name; }

	static bool eq(const Employee& x, const Employee& y)
    { return x.name== y.name; }
};


class IDEmpCompare 
{
	public:	
// static functions so they can be used without 
		// having an instantiated object

static bool lt(int i,Employee& x )
     { return  i<x.ID ; }
   
static bool gt(int i,Employee& x )
     { return  i> x.ID; }

static bool eq(int i,Employee& x )
     { return  i==x.ID ; }

};
void main()
{Employee e;
BST <int,Employee,IDEmpCompare, IDCompare> EmpDict1;
EmpDict1.insert(Employee(44,"e1"));
EmpDict1.insert(Employee(82,"e2"));
EmpDict1.insert(Employee(33,"e3"));
EmpDict1.insert(Employee(24,"e4"));
EmpDict1.insert(Employee(14,"e5"));
EmpDict1.insert(Employee(35,"e6"));
EmpDict1.insert(Employee(63,"e7"));
EmpDict1.insert(Employee(48,"e8"));
i
cout<<EmpDict1.size()<<endl;
EmpDict1.find(14,e);
EmpDict1.print();
cout<<e.name<<endl;
EmpDict1.remove(33,e);
cout<<e.name<<endl;
cout<<EmpDict1.size()<<endl;
EmpDict1.removeAny(e);
cout<<e.name<<endl;
EmpDict1.print();
cout<<EmpDict1.size()<<endl;
EmpDict1.clear();
cout<<EmpDict1.size()<<endl;
}
---------------------------------------------------
//BST MAIN
{ BinNode<int> *mytree;
  BinNode<int>* p,*q;
  int number;
  cout<<" Enter First number:";
  cin>>number;
  mytree= new BinNodePtr<int>(number);
  cout<<" Enter other numbers, one per line, any character to stop:\n";
  while(cin>>number)
  { p=q=mytree;
  while((number!=p->val())&&(q!=NULL)){
	  p=q;
	  if(number<p->val())
		  q=p->left();
	  else
		  q=p->right();}

  	  if(number<p->val())
		  p->setLeft(new BinNodePtr<int>(number));
	  else
		  p->setRight(new BinNodePtr<int>(number));
  }
---------------------------------------------------
//BST MAIN 2
{ BinNode<int> *mytree;
  int number;
  cout<<" Enter First number:";
  cin>>number;
  mytree= new BinNodePtr<int>(number);
  cout<<" Enter other numbers, one per line, any character to stop:\n";
  while(cin>>number)
  {insert(mytree,number); 
  }

 cout<<"Number of nodes:"<<count(mytree)<<endl;
 inorder(mytree);
}
---------------------------------------------------
//UNION IMPLEMENTATION
enum Nodetype {leaf, internal};
class VarBinNode 
{ // Generic node class
 public:
  Nodetype mytype; // Store type for node
  union 
    { 
     struct // internal node 
     { 
       VarBinNode* left;  // Left child
       VarBinNode* right; // Right child  
       Operator opx;      // Value.  Operator is a char
     } intl;
     Operand var;   // Leaf: Value only.  Operand is a pointer to char
    };
	//Additional member functions for VarBinNode class
}
//Constructor differentiates between leaf and Intl node
VarBinNode* temp1;
  VarBinNode* temp2;
  VarBinNode* root; 
temp1 = new VarBinNode(“A”);		//Leaf Node
 temp2 = new VarBinNode(“B”);		//Leaf Node
 root = new VarBinNode('+', temp1, temp2);	//Internal Node and root 
---------------------------------------------------
//Inheritance Implementation – More efficient
class VarBinNode {   // Node abstract base class
public:
  virtual bool isLeaf() = 0;
};

class LeafNode : public VarBinNode { // Leaf node
private:
  Operand var;                       // Operand value
public:
  LeafNode(const Operand& val) { var = val; } // Constructor
  bool isLeaf() { return true; }     // Version for LeafNode
  Operand value() { return var; }    // Return node value
};

class IntlNode : public VarBinNode { // Internal node
private:
  VarBinNode* left;                  // Left child
  VarBinNode* right;                 // Right child
  Operator opx;                      // Operator value
public:
  IntlNode(const Operator& op, VarBinNode* l, VarBinNode* r)
    { opx = op; left = l; right = r; } // Constructor
  bool isLeaf() { return false; }    // Version for IntlNode
  VarBinNode* leftchild() { return left; }   // Left child
  VarBinNode* rightchild() { return right; } // Right child
  Operator value() { return opx; }           // Value
};

void traverse(VarBinNode *subroot) { // Preorder traversal
  if (subroot == NULL) return;       // Nothing to visit
  if (subroot->isLeaf())             // Do leaf node
    cout << "Leaf: "
         << ((LeafNode *)subroot)->value() << endl;
  else {                             // Do internal node
    cout << "Internal: "
         << ((IntlNode *)subroot)->value() << endl;
    traverse(((IntlNode *)subroot)->leftchild());
    traverse(((IntlNode *)subroot)->rightchild());
  }
}

////////// Main test routine
int main()
{
  VarBinNode* temp1;
  VarBinNode* temp2;
  VarBinNode* root;
  char *string1 = "Hello1";
  char *string2 = "Another string";

  temp1 = new LeafNode(string1);  //explicit distinction
  //temp1 = new VarBinNode(string1);  //explicit distinction
  temp2 = new LeafNode(string2);
  root = new IntlNode('+', temp1, temp2);  //explicit distinction
  traverse(root);
  return(0);
}
---------------------------------------------------
//Space Overhead
For a BT with n nodes, total space = n*(2*pointer_space + data_space).  

Overhead = Space required to maintain a data structure = Space not storing data = 2pn.

From the Full Binary Tree Theorem: Half of the pointers are null (due to leafs).

If leaves store only data, then overhead is reduced.

How can we optimize the storage?

1)Eliminate pointers from leaf nodes.  Overhead fraction = (n/2)(2p)/[(n/2)(2p) + nd] = ½ (if p = d)

2)Have only leaves store data, then Overhead fraction = (n/2) (2p+d)/[(n/2) (2p+d) + (n/2)d] = (2p+d)/(2p+2d) = ¾ (if p = d)

3)Use variable nodes, with only leaves storing data.  Overhead fraction = 2/3, but total space is lower
---------------------------------------------------
////// Max-heap class
template <class Elem, class Comp> class maxheap {
private:
  Elem* Heap;          // Pointer to the heap array
  int size;            // Maximum size of the heap
  int n;               // Number of elements now in the heap
  void siftdown(int);  // Put element in its correct place
public:
  maxheap(Elem* h, int num, int max)     // Constructor
    { Heap = h;  n = num;  size = max;  buildHeap(); }
  int heapsize() const       // Return current heap size
    { return n; }
  bool isLeaf(int pos) const // TRUE if pos is a leaf
    { return (pos >= n/2) && (pos < n); }
  int leftchild(int pos) const
    { return 2*pos + 1; }    // Return leftchild position
  int rightchild(int pos) const
    { return 2*pos + 2; }    // Return rightchild position
  int parent(int pos) const  // Return parent position
    { return (pos-1)/2; }
  bool insert(const Elem&);  // Insert value into heap
  bool removemax(Elem&);     // Remove maximum value
  bool remove(int, Elem&);   // Remove from given position
  void buildHeap()           // Heapify contents of Heap
    { for (int i=n/2-1; i>=0; i--) siftdown(i); }
};

template <class Elem, class Comp> // Utility function
void maxheap<Elem, Comp>::siftdown(int pos) {
  while (!isLeaf(pos)) {     // Stop if pos is a leaf
    int j = leftchild(pos);  int rc = rightchild(pos);
    if ((rc < n) && Comp::lt(Heap[j], Heap[rc]))
      j = rc;        // Set j to greater child's value
    if (!Comp::lt(Heap[pos], Heap[j])) return; // Done
    swap(Heap, pos, j);
    pos = j;         // Move down
  }
}

template <class Elem, class Comp> // Insert element
bool maxheap<Elem, Comp>::insert(const Elem& val) {
  if (n >= size) return false; // Heap is full
  int curr = n++;
  Heap[curr] = val;            // Start at end of heap
  // Now sift up until curr's parent > curr
  while ((curr!=0) &&
         (Comp::gt(Heap[curr], Heap[parent(curr)]))) {
    swap(Heap, curr, parent(curr));
    curr = parent(curr);
  }
  return true;
}

template <class Elem, class Comp> // Remove max value
bool maxheap<Elem, Comp>::removemax(Elem& it) {
  if (n == 0) return false; // Heap is empty
  swap(Heap, 0, --n);       // Swap max with last value
  if (n != 0) siftdown(0);  // Siftdown new root val
  it = Heap[n];             // Return deleted value
  return true;
}

// Remove value at specified position
template <class Elem, class Comp>
bool maxheap<Elem, Comp>::remove(int pos, Elem& it) {
  if ((pos < 0) || (pos >= n)) return false; // Bad pos
  swap(Heap, pos, --n);           // Swap with last value
  while ((pos != 0) &&
	  (Comp::gt(Heap[pos], Heap[parent(pos)]))){
		  cout << "swapping" << Heap[pos] << "with" << Heap[parent(pos)] << endl;
    swap(Heap, pos, parent(pos)); // Push up if large key
  }
  siftdown(pos);      // Push down if small key
  it = Heap[n];
  return true;
}
---------------------------------------------------
/////MAXHEAP MAIN
int main(int argc, char** argv) {
  int i, j;
  int n;
  Int* A[20];
  Int* B[20];
  Int C[10] = {73, 6, 57, 88, 60, 34, 83, 72, 48, 85};
  maxheap<Int*, IntsIntsCompare> BH(B, 0, 20);
  maxheap<Int, IntIntCompare> Test(C, 10, 10);
}
---------------------------------------------------
//Array implementation of a complete CBT
For a node at index r, index for relatives can be found:
Parent (r) =  (r-1)/2  if r  0
Leftchild(r) = 2r+1 if 2r+1 < n
Rightchild(r) = 2r+2 if 2r+2 < n
Leftsibling(r) = r-1 if r is even
Rightsibling(r) = r+1 if r is odd and r+1 < n 
---------------------------------------------------
//Key Heaps Operations
Insert an element: Append (Put it at the end) and sift up to preserve Heap property
Remove the maximum: Interchange root with last element, reduce size, and siftdown (subtrees must be heaps) to preserve Heap
Remove an element: Interchange it with last element, reduce size, siftup, and siftdown.
Build a heap from an array: Siftdown all nonleaf nodes starting with the highest numbered ones
---------------------------------------------------
//Buildheap Cost
Cost for heap construction:
n nodes, logn levels  - Why?
Level logn: n/2 nodes, 0 op. per node
Level logn -1: n/4 nodes, 1 op. per node
Level logn-2: n/8 nodes, 2 ops per node
…
Last Level :  1 node, logn-1 ops per node 
        log n
           (i - 1) n/2i  n.
          i=1 
---------------------------------------------------
---------------------------------------------------
---------------------------------------------------
---------------------------------------------------
---------------------------------------------------
---------------------------------------------------
Graph Notations:
A graph with relatively few edges is called sparse
A graph with many edges is called dense.
A graph containing all possible edges is called complete
A graph with edges directed from one vertex to another is a directed graph
A graph with edges not directed is an undirected graph
A graph with labels that are associated with its vertices is called a labeled graph
A graph with weights assigned to its edges is said to be weighted

Two vertices are adjacent if they are joined by an edge (also called neighbors).
An edge connecting vertices u and v is written (u, v). This edge is said to be incident on vertices u and v.
A sequence of vertices v1, v2, …, vn forms a path of length n-1 if there is an edge from vi to vi+1 for 1i<n.
A path is simple if all vertices on the path are distinct.
A cycle is a path of length of 3 or more that connects some vertex vi to itself.
A cycle is simple if the path is simple, except for the first and last vertices (which are the same).
An undirected graph is connected if there is at least one path from any vertex to another. e.g. Lebanon Cities 
A graph without cycles is called acyclic

---------------------------------------------------
Space Efficiency:
Adjacency list contains overhead
due to the use of pointers
 For a sparse matrix, adjacency list is more space-efficient
 For a dense matrix, adjacency matrix is more space-efficient
Time Efficiency: 
If adjacent vertices are to be visited in an algorithm, adjacency list is more time-efficient
---------------------------------------------------
/////// GRAPH ADT
class Graph { // Graph abstract class
public:
  virtual int n() =0; // # of vertices for whole graph
  virtual int e() =0; // # of edges for whole graph
  // Return index of first neighbor for a given vertex 
  virtual int first(int) =0;
  // Return index of next neighbor (get vertex1’s neighbor after  vertex2). 
	virtual int next(int, int) =0;
  // Store new edge, identified by two vertices, 3rd param is weight
  virtual void setEdge(int, int, int) =0;
  // Delete edge defined by two vertices
  virtual void delEdge(int, int) =0;
  // Weight of edge connecting two vertices
  virtual int weight(int, int) =0;
 	// The mark functions are used for traversal (VISITED or not) 
  virtual int getMark(int) =0;
virtual void setMark(int, int) =0;};
---------------------------------------------------
////GRAPH MATRIX IMPLEMENTATION
// Used by the mark array
#define UNVISITED 0
#define VISITED 1

#include "graph.h"

class Graphm : public Graph { // Implement adjacency matrix
private:
  int numVertex, numEdge; // Store number of vertices, edges
  int **matrix;           // Pointer to adjacency matrix
  int *mark;              // Pointer to mark array
public:
  Graphm(int numVert) {   // Make graph w/ numVert vertices
    int i, j;
    numVertex = numVert;
    numEdge = 0;
    mark = new int[numVert]; // Initialize mark array
    for (i=0; i<numVertex; i++)
      mark[i] = UNVISITED;
    matrix = (int**) new int*[numVertex]; // Make matrix
    for (i=0; i<numVertex; i++)
      matrix[i] = new int[numVertex];
    for (i=0; i< numVertex; i++) // Edges start w/ 0 weight
      for (int j=0; j<numVertex; j++) matrix[i][j] = 0;
  }

  ~Graphm() {       // Destructor
    delete [] mark; // Return dynamically allocated memory
    for (int i=0; i<numVertex; i++)
      delete [] matrix[i];
    delete [] matrix;
  }

  int n() { return numVertex; } // Number of vertices
  int e() { return numEdge; }   // Number of edges

  int first(int v) {            // Return v's first neighbor
    int i;
    for (i=0; i<numVertex; i++)
      if (matrix[v][i] != 0) return i;
    return i;       // Return n if none
  }

  int next(int v1, int v2) { // Get v1's neighbor after v2
    int i;
    for(i=v2+1; i<numVertex; i++)
      if (matrix[v1][i] != 0) return i;
    return i;
  }

  // Set edge (v1, v2) to wgt
  void setEdge(int v1, int v2, int wgt) {
    Assert(wgt>0, "Illegal weight value");
    if (matrix[v1][v2] == 0) numEdge++;
    matrix[v1][v2] = wgt;
  }

  void delEdge(int v1, int v2) { // Delete edge (v1, v2)
    if (matrix[v1][v2] != 0) numEdge--;
    matrix[v1][v2] = 0;
  }

  int weight(int v1, int v2) { return matrix[v1][v2]; }
  int getMark(int v) { return mark[v]; }
  void setMark(int v, int val) { mark[v] = val; }
};

//#include "graphutil.cpp"
// Functions for creating and printing graphs

#define LINELEN 80

void Gprint(Graph* G) {
  int i, j;

  cout << "Number of vertices is " << G->n() << "\n";
  cout << "Number of edges is " << G->e() << "\n";

  cout << "Matrix is:\n";
  for (i=0; i<G->n(); i++) {
    for(j=0; j<G->n(); j++)
      cout << G->weight(i, j) << " ";
    cout << "\n";
  }
}


char* getl(char* buffer, int n, FILE* fid) {
  char* ptr;
  ptr = fgets(buffer, n, fid);
  while ((ptr != NULL) && (buffer[0] == '#'))
    ptr = fgets(buffer, n, fid);
  return ptr;
}


// Create a graph from file fid
template <class GType>
Graph* createGraph(FILE* fid) {
  char buffer[LINELEN+1]; // Line buffer for reading
  bool undirected;  // true if graph is undirected, false if directed
  int i;
  int v1, v2, dist;

  if (getl(buffer, LINELEN, fid) == NULL) // Unable to get number of vertices
{ cout << "Unable to read number of vertices\n";
    return NULL;
}

  Graph* G = new GType(atoi(buffer));

  if (getl(buffer, LINELEN, fid) == NULL) // Unable to get graph type
{ cout << "Unable to read graph type\n";
    return NULL ;
}
  if (buffer[0] == 'U')
    undirected = true;
  else if (buffer[0] == 'D')
    undirected = false;
  else {
    cout << "Bad graph type: |" << buffer << "|\n";
    return NULL;
  }

  // Read in edges
  while (getl(buffer, LINELEN, fid) != NULL) {
    v1 = atoi(buffer);
    i = 0;
    while (isdigit(buffer[i])) i++;
    while (buffer[i] == ' ') i++;
    v2 = atoi(&buffer[i]);
    while (isdigit(buffer[i])) i++;
    if (buffer[i] == ' ') { // There is a distance
      while (buffer[i] == ' ') i++;
      dist = atoi(&buffer[i]);
    }
    else dist = 1;
    G->setEdge(v1, v2, dist);
    if (undirected) // Put in edge in other direction
      G->setEdge(v2, v1, dist);
  }
  return G;
}
--------------------------------------------------
////GRAPH LIST IMPLEMENTATION
// Used by the mark array
#define UNVISITED 0
#define VISITED 1
#include "link.h"#include"llist.h"#include "graph.h"
class Edge {
public:
  int vertex, weight;
  Edge() { vertex = -1; weight = -1; }
  Edge(int v, int w) { vertex = v; weight = w; }
};

// Overload for the Edge << operator
ostream& operator << (ostream& s, Edge e)
  { return(s << "(" << e.vertex << ", " << e.weight << ")"); }

class Graphl : public Graph { // Implement adjacency list
private:
  int numVertex, numEdge;     // Number of vertices, edges
  List<Edge>** vertex; // List headers
  int *mark;                  // Pointer to mark array
public:
  Graphl(int numVert) { // Make graph with numVert vertices
    int i, j;
    numVertex = numVert;  numEdge = 0;
    mark = new int[numVert]; // Initialize mark array
    for (i=0; i<numVertex; i++) mark[i] = UNVISITED;
    // Create and initialize adjacency lists
    vertex = (List<Edge>**) new List<Edge>*[numVertex];
    for (i=0; i<numVertex; i++)
      vertex[i] = new LList<Edge>();
  }

  ~Graphl() {       // Destructor
    delete [] mark; // Return dynamically allocated memory
    for (int i=0; i<numVertex; i++) delete [] vertex[i];
    delete [] vertex;
  }

  int n() { return numVertex; } // Number of vertices
  int e() { return numEdge; }   // Number of edges

  int first(int v) { // Return first neighbor of v
    Edge it;
    vertex[v]->setStart();
    if (vertex[v]->getValue(it)) return it.vertex;
    else return numVertex;  // Return n if none
  }

  int next(int v1, int v2) { // Gete v1's neighbor after v2
    Edge it;
    vertex[v1]->getValue(it);
    if (it.vertex == v2) vertex[v1]->next();
    else { // Start from beginning of list
      vertex[v1]->setStart();
      while (vertex[v1]->getValue(it) && (it.vertex <= v2))
        vertex[v1]->next();
    }
    if (vertex[v1]->getValue(it)) return it.vertex;
    else return numVertex;  // Return n if none
  }

  // Set edge (v1, v2) to wgt
  void setEdge(int v1, int v2, int wgt) {
    Assert(wgt>0, "Illegal weight value");
    Edge it(v2, wgt);
    Edge curr;
    vertex[v1]->getValue(curr);
    if (curr.vertex != v2) // If not already there, search
      for (vertex[v1]->setStart();
           vertex[v1]->getValue(curr); vertex[v1]->next())
        if (curr.vertex >= v2) break;
    if (curr.vertex == v2)  // Clear out the current one
      vertex[v1]->remove(curr);
    else numEdge++;
    vertex[v1]->insert(it);
  }

  void delEdge(int v1, int v2) { // Delete edge (v1, v2)
    Edge curr;
    vertex[v1]->getValue(curr);
    if (curr.vertex != v2)  // If not already there, search
      for (vertex[v1]->setStart();
           vertex[v1]->getValue(curr); vertex[v1]->next())
        if (curr.vertex >= v2) break;
    if (curr.vertex == v2) {  // If not, then there is none
      vertex[v1]->remove(curr);
      numEdge--;
    }
  }

  int weight(int v1, int v2) { // Return weight of (v1, v2)
    Edge curr;
    vertex[v1]->getValue(curr);
    if (curr.vertex != v2) // If not already there, search
      for (vertex[v1]->setStart();
           vertex[v1]->getValue(curr); vertex[v1]->next())
        if (curr.vertex >= v2) break;
    if (curr.vertex == v2)
      return curr.weight;
    else
      return 0;  // No such edge
  }

  int getMark(int v) { return mark[v]; }
  void setMark(int v, int val) { mark[v] = val; }
};
---------------------------------------------------
//// Graph MAIN
void main()
{
	cout<<"Welcome to the directed graph with weight 1 presentation.\n";
	cout<<"Enter first the number of vertices,\nthen the edge connecting them, beginning from 0.\n";
	cout<<"An edge to itself is accepted,\na number larger than number of vertices-1 is rejected.\n\n";
	myGraph *G;
	G=(myGraph*)getGraph( ); 
	cout<<"The adjacency matrix is:"<<endl;
	Gprint (G);
	cout << "\n\n";
	G->path();
	cout<<endl;

}
 


Graph *getGraph( ) 
{Graph *G;
int nbOfVertices;
	cout<<"Enter the number of vertices"<<endl;
	cin>>nbOfVertices;
	
    G=new myGraph(nbOfVertices);
int x , y;
cout<<"Enter the positions of the 2 vertices connected (-1 to end)"<<endl;
cin>>x;

	
   while (x!=-1)
{
cin>>y;
if ( x>=0 && y>=0 && x<nbOfVertices && y<nbOfVertices)
G->setEdge(x , y , 1);
else
cout<<"invalid input"<<endl;
cout<<"Enter the positions of the 2 vertices connected (-1 to end)"<<endl;
cin>>x;
}
   cout<<"\nOUTPUT:\n\n";

  return G;
}

void Gprint( Graph *G ) 
{
  int i, j;    

  cout << "Number of vertices is " << G->n() << "\n";
  cout << "Number of edges is " << G->e() << "\n";

  cout << "Matrix is:\n";
  for (i=0; i<G->n(); i++) 
  {
    for(j=0; j<G->n(); j++)
      cout << G->weight(i, j) << " ";
    cout << "\n";}}
---------------------------------------------------
///// GRAPH TRAVERSALS
To insure visiting all vertices:
void graphTraverse(const Graph* G) {
  for (v=0; v < G->n(); v++)
    G->setMark(v, UNVISITED); //Initialize mark array
  for (v=0; v <G-> n(); v++)
    if (G->getMark(v) == UNVISITED)
		 // doTraverse is implemented using one of many
		  // well-known algorithms
      doTraverse(G, v); // Traverse the graph starting from v, and ses the mark bits to VISITED }
---------------------------------------------------
/////////////DFS 
void DFS(Graph* G, int v) {
  PreVisit(G, v);
  G->setMark(v, VISITED);
  for (int w=G->first(v); w<G->n();
                   w = G->next(v,w))
    if (G->getMark(w) == UNVISITED)
	   DFS(G, w);
  PostVisit(G, v);
} 

DFS( A): pre(A), A(visited), Row of A: C(not visited) 
  DFS(C): pre(C), C(visited), Row of C: A(visited), B(not visited)  
    DFS(B): pre(B), B(visited), Row of B: C(visited), F(not visited)  
      DFS(F): pre(F), F(visited), Row of F: B(visited), C(visited), D(not visited)  
        DFS(D): pre(D), D(visited), Row of D: C(visited), F(visited), █  
           post(D), return from this recursive call (back to row F) 
        E(not visisted)  
        DFS(E): pre(E), E(visited), Row of E: A(visited), F(visited), █  
           post(E), return from this recursive call (back to row F)
        █  post(F), return from this recursive call (back to row B)
     █  post(B), return from this recursive call (back to row C)
  D(visited), F(visited), █  post(C), return from this recursive call (back to row A)
E(visited), █  post(A), return from this recursive call 
(End of Function)

Cost V+E
[image: DFSTree]
---------------------------------------------------
//////BFS
void BFS(Graph* G, int start, Queue<int>*Q) {
  int v, w;
  Q->enqueue(start); 
  G->setMark(start, VISITED);
  while (Q->length() != 0) { 
    Q->dequeue(v);
    PreVisit(G, v); 
    for(w=G->first(v);w<G->n();w=G->next(v,w))
      if (G->getMark(w) == UNVISITED) {
        G->setMark(w, VISITED);
        Q->enqueue(w);
      }
    PostVisit(G, v); 
  }
}

BFS(A):
  Q=[A], A(visited), 
  Q= [ ], pre(A), Row of A: 
     C(not visited) C(visited), Q=[C], E(not visited) E(visited), Q=[E,C], post(A) 
  Q= [E], pre(C), Row of C: 
     A(visited), B(not visited) B(visited), Q=[B,E], D(not visited) D(visited), Q=[D,B,E], 
     F(not visited) F(visited), Q=[F,D,B,E], post(C) 
  Q= [F,D,B], pre(E), Row of E: 
     A(visited), F(visited), post(E) 
  Q= [F,D], pre(B), Row of B: 
     C(visited), F(visited), post(B)
  Q= [F], pre(D), Row of D: 
     C(visited), F(visited), post(D) 
  Q= [ ], pre(F), Row of F: 
     B(visited), C(visited), D(visited), E(visited), post(F)
 (End of Function)

COST V+E
[image: BFSTree]
---------------------------------------------------
Topological sort implemented in DFS
void topsort(Graph* G) { // This particular implementation uses the DFS algorithm
// Topological sort: outputs vertices in reverse order
  int i;
  for (i=0; i<G->n(); i++) // Initialize vertices to UNVISITED
  G->setMark(i, UNVISITED);
	
	// Process vertices: we use a for loop to take care of 
       // disconnected vertices or sub-graphs
	// DFS will visit ALL vertices as long as they are connected 
	// to the path emanating from the input vertex v
  for (i=0; i<G->n(); i++) 
    if (G->getMark(i) == UNVISITED)
      tophelp(G, i); // Call helper function (DFS algorithm)
}
// tophelp implements the DFS algorithm
void tophelp(Graph* G, int v) {
  G->setMark(v, VISITED); // note that we took out the pre-visit function
  for (int w=G->first(v); w<G->n(); w = G->next(v,w))
    if (G->getMark(w) == UNVISITED)
      tophelp(G, w);
  printout(v); // post-visit for vertex v: executes @ end of each recursion
}
---------------------------------------------------
Topological sort implemented in Queue
void topsort(Graph* G, Queue<int>* Q) {
  int Count[G->n()];
  int v, w;
  for (v=0; v<G->n(); v++) Count[v] = 0; // Initialize 
  for (v=0; v<G->n(); v++) // Process edges
    for (w=G->first(v); w<G->n(); w = G->next(v,w))
       Count[w]++;   // Compute the # edges into each vertex
	       // e.g., count[J4] is incremented when J2 is processed and when J3 is processed
  for (v=0; v<G->n(); v++) 
    if (Count[v] == 0) 
      Q->enqueue(v); // Add the vertices that have no prerequisites
  while (Q->length() != 0) {
    Q->dequeue(v); // Process each vertex in the Q (has no prereq.) 
    printout(v);   // PreVisit for v
	// Since we processed v, treat it as if it did not exist  decrement count for
	// all vertices that are connected to v (i.e., are in the row for v in the matrix) 
    for (w=G->first(v); w<G->n(); w = G->next(v,w)) {
      Count[w]--;    // One less prereq for each vertex connected to v
      if (Count[w] == 0) // Put each free vertex (no prereq.) in Q
        Q->enqueue(w);
    }
  }
}
/////Dijkstra


[image: ]

/////Dijkstra
// Compute shortest path distances from s, return them in D
// D[j] reflects the distance from vertex s (assume = 0) to vertex j
// Initially, D[0]=0 (source), D[i] =  for i>0
void Dijkstra(Graph* G, int* D, int s) {
  int i, v, w;
  for (i=0; i<G->n(); i++) {      // Process the vertices
    v = minVertex(G, D);
    if (D[v] == INFINITY) return; // Unreachable vertices
    G->setMark(v, VISITED);
    for (w=G->first(v); w<G->n(); w = G->next(v,w))
      if (D[w] > (D[v] + G->weight(v, w)))
        D[w] = D[v] + G->weight(v, w);
  }
}

int minVertex(Graph* G, int* D) { // Find min cost vertex
  int i, v;
  for (i=0; i<G->n(); i++)  // Set v to an unvisited vertex
    if (G->getMark(i) == UNVISITED) { v = i; break; }
  for (i++; i<G->n(); i++)  // Now find smallest D value
    if ((G->getMark(i) == UNVISITED) && (D[i] < D[v]))
      v = i;
  return v;
}

// Test Depth First Search:
// Version for Adjancency Matrix representation
int main(int argc, char** argv) {
  Graph* G;
  FILE *fid;

  if (argc != 2) {
    cout << "Usage: grdijk1m <file>\n";
    exit(-1);
  }

  if ((fid = fopen(argv[1], "rt")) == NULL) {
    cout << "Unable to open file |" << argv[1] << "|\n";
    exit(-1);
  }
  cout << "Now Creating Graph" << "\n";
  cin.get();

  G = createGraph<Graphm>(fid);
  if (G == NULL) {
    cout << "Unable to create graph\n";
    exit(-1);
  }
   cout << "Graph Created" << "\n";
  cin.get();
	int * D;
	D = new int[G->n()];

	 cout << "Distance array Created, size =" << G->n() << "\n";
  cin.get();
 // int D[G->n()];
  for (int i=0; i<G->n(); i++)     // Initialize
    D[i] = INFINITY;
  D[0] = 0;
  cout << "Initial Distances"<< "\n";
  for (int i=0; i<G->n(); i++)     // Initialize
    cout << D[i] << "\n"; 

  Dijkstra(G, D, 0);
  for(int k=0; k<G->n(); k++)
    cout << D[k] << " ";
  cout << endl;
  cin.get();
  delete D;
  return 0;
}
---------------------------------------------------
///////////////DIJIKISTRA EXAMPLE STEP BY STEP
i=0; minVertex {v=0; D[j>0]=   return 0}
V0: visited; consider V1 and V2: 
   D[1]= > (D[0]+5)  D[1]=5
   D[2]= > (D[0]+10)  D[2]=10

i=1; minVertex {v=1; j=2; D[2]=10, D[v]=5  return 1}
V1: visited; consider V3 and V4:
   D[3]= > (D[1]+7)D[3]=5+7=12
   D[4]= > (D[1]+9)D[4]=5+9=14

i=2; minVertex {v=2; j=3; D[3]<D[2], D[4]<D[2]  return 2}
V2: visited; consider V1, V3 and V4:  
D[1] = 5 < (D[2] + 2)   no change for D[1]
D[3]=12 > (D[2]+1)  D[3]=D[2]+1=11 
D[4]=14 > (D[2]+3)  D[4]=D[2]+3=13

i=3; minVertex {v=3; j=4; D[4]<D[3], D[5]<D[3]  return 3}
V3: visited; consider V4 and V5:  
D[4]=13 > (D[3]+1)  D[4]=D[3]+1=11+1=12 
D[5]= > (D[3]+3)  D[5]=D[3]+3=11+3=14

i=4; minVertex {v=4; j=5; D[5]<D[4]  return 4}
V4: visited; consider V5:  
D[5]=14 > (D[4]+4)
---------------------------------------------------
Better is Floyd’s Algorithm.

Define a k-path from u to v to be any path whose intermediate vertices all have indices less than k.
Define Dk(v,u) the length of the shortest k-path from v to u.
Assuming we already know the shortest k-path from v to u

Shortest (k+1)-path either goes through vertex k or it does not.
If it does, best path=best k-path(vk) followed by best k-path(ku). 
If not, keep best k-path seen before
 Dk+1(v,u) =min[Dk(v,u) , Dk(v,k) + Dk(k,u) ]


//Floyd's all-pairs shortest paths algorithm
void Floyd(Graph* G) {
	// for Storing distances
  int D[G->n()][G->n()];
	// Initialize with the weights (non-existent edges  weight=)
  for (int i=0; i<G->n(); i++)
    for (int j=0; j<G->n(); j++)
      D[i][j] = G->weight(i, j);
  // Compute all k-paths
  for (int k=0; k<G->n(); k++)
    for (int i=0; i<G->n(); i++)
      for (int j=0; j<G->n(); j++)
		     // Check if using intermediate vertices would render shorter distance
		     // this includes vertices (I,j) that do not have an edge that connects 
		     // them (D[i][j]=)
        if (D[i][j] > (D[i][k] + D[k][j]))
          D[i][j] = D[i][k] + D[k][j];
}
---------------------------------------------------
//Prims algorithm:
Start with any vertex N in the graph  MST = N
Pick the least-cost edge connected to N (connecting N to M)
Add M and edge (N, M) to the MST
Pick the least-cost edge coming from either N or M to any other vertex in the graph.
Add this edge and the vertex it reaches to the MST
Continue the above by selecting the least-cost edge from a vertex currently in the MST to a vertex not currently in the MST.
Prim’s algorithm is very close to Djikstra’s algorithm with the following difference:
We are seeking not the next closest vertex to the start vertex, but rather the next closest vertex to any vertex currently in the MST. 
V[v] stores the visited vertex that is closest to vertex v, so that we know which edge goes into the MST when vertex v is processed
[image: ]
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void Prim(Graph* G, int* D, int s) { // Prim's MST algorithm
  int V[G->n()];                     // Who's closest
  int i, w;
  for (i=0; i<G->n(); i++) {         // Process the vertices
    int v = minVertex(G, D);
    G->setMark(v, VISITED);
    if (v != s) AddEdgetoMST(V[v], v); // Add edge to MST
    if (D[v] == INFINITY) return;    // Unreachable vertices
    for (w=G->first(v); w<G->n(); w = G->next(v,w))
      if (D[w] > G->weight(v,w)) {
        D[w] = G->weight(v,w);       // Update distance
        V[w] = v;                 // Update who it came from
      }
  }
}



D[0]=0,  V[0]=0
D[1]=,  V[1]= 
D[2]=,  V[2]= 
D[3]=,  V[3]= 
D[4]=,  V[4]= 
D[5]=,  V[5]= 
D[6]=,  V[6]=  
D[7]=,  V[7]= 
D[8]=,  V[8]= 
Visited: {}
i=0, 
minVertexD{v=0}
0: visited,
D[1]=9, V[1]=0
D[3]=7, V[3]=0
D[4]=4, V[4]=0 


D[0]=0,  V[0]=0
D[1]=9,  V[1]=0
D[2]=,  V[2]=  
D[3]=7,  V[3]=0
D[4]=4,  V[4]=0
D[5]= , V[5]=  
D[6]=,  V[6]=  
D[7]= , V[7]=  
D[8]= , V[8]=  
Visited: {0}
i=1, 
minVertexD{v=1, D[2]=>D[1],
D[3]<D[1]v=3, D[4]<D[3]v=4}
4: visited, Add(V[4], 4),
Neighbors of 4:
(0 was visited)
D[3]>5D[3]=5, V[3]=4
D[8]>6 D[8]=6, V[8]=4


D[0]=0,  V[0]=0
D[1]=9,  V[1]=0
D[2]=,  V[2]= 
D[3]=5,  V[3]=4
D[4]=4,  V[4]=0
D[5]=,  V[5]= 
D[6]=,  V[6]= 
D[7]=,  V[7]= 
D[8]=6,  V[8]=4
Visited: {0, 4}
i=2, 
minVertexD{v=1, D[2]=>D[1],
D[3]<D[1]v=3, D[5]>D[3],
D[6]>D[3], D[7]>D[3], D[8]>D[3]}
3: visited, Add(V[3], 3),
Neighbors of 3:
(0 and 4 were visited)
D[2]>1D[2]=1, V[2]=3
D[7]>3 D[7]=3, V[7]=3
---------------------------------------------------
//Kruskal’s Algorithm 
Put all the vertices into single node trees by themselves
Put all the edges in a priority queue
Repeat until we’ve constructed a spanning tree
Extract cheapest edge 
If it forms a cycle, ignore it
else add it to the forest of trees
(it will join two trees into a larger tree)
Return the spanning tree
[image: ]
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……………………etc.
[image: ]
………………..etc.
Cost is dominated by the time to remove edges from the heap.
Can stop processing edges once all vertices are in the same MST
Total cost:   Q(|V| + |E| log |E|)
= Q(|V| + |V|2(2log |V|) for dense graphs
= Q(|V|2 log |V|)

---------------------------------------------------
---------------------------------------------------
---------------------------------------------------
---------------------------------------------------
---------------------------------------------------
---------------------------------------------------
//Insertion sort
[image: InsSort]
template <class Elem, class Comp>
void inssort(Elem A[], int n) 
{
	//Starting from second element
  for (int i=1; i<n; i++)
    //Compare adjacent elements starting from i and going
         //toward the top of the list (lower indices)
         //break if A[j] > A[j-1]: adjacent elements in proper order 
    
	for (int j=i; 
        (j>0) && (Comp::lt(A[j], A[j-1]));
              j--)
      swap(A, j, j-1);
}
Note that separation between compared elements is just 1.

Best case (already sorted) is: 0 swaps, n - 1 comparisons.
Worst case (reverse order) is n2/2 swaps and comparisons. Since at every iteration have “i” compares and swaps for total of n2/2.
Average case is n2/4 swaps and comparisons. Since at every iteration have “i/2” compares and swaps for total of n2/4.
----------------------------------------------
//Bubble sort
[image: BubSort]
Compare adjacent elements starting from bottom of list
If (A[j] < A[j-1]) swap.

template <class Elem, class Comp>
void bubsort(Elem A[], int n) 
{
	//Two nested for loops
	//Let the smallest element “bubble” to the top.
  for (int i=0; i<n-1; i++)
// Search through the remaining elements 
    for (int j=n-1; j>i; j--)
      if (Comp::lt(A[j], A[j-1]))
        swap(A, j, j-1);
}

Best case is 0 swaps, n2/2 comparisons.
Worst case is n2/2 swaps and comparisons.
Average case is n2/4 swaps and n2/2 comparisons.
-------------------------------------------------
//Selection sort
[image: SelSort]
Fix smallest element=i
Start from bottom:
   - look for smallest element
   - Store its index
   - @ End, swap with top element


template <class Elem, class Comp>
void selsort(Elem A[], int n) 
{
	 // Go through all the elements 
  for (int i=0; i<n-1; i++) 
  {
    int lowindex = i; // Remember its index
	      // Search through the remaining elements 
    for (int j=n-1; j>i; j--)
		 if (Comp::lt(A[j], A[lowindex]))
        lowindex = j; // Save index of smallest
    swap(A, i, lowindex); // Put it in place 
  }
}
Best case is n-1 swaps (n-1 as written), n2/2 comparisons.
Worst case is n - 1 swaps and n2/2 comparisons.
Average case is O(n) swaps and n2/2 comparisons.
[image: ]

------------------------------------------------
//Shell sort
[image: ]

template <class Elem, class Comp>
void shellsort(Elem A[], int n) 
{ // Shellsort 
  for (int i=n/2; i>2; i/=2)  // For each incr 
    for (int j=0; j<i; j++)   // Sort sublists 
      inssort2<Elem,Comp>(&A[j], n-j, i);
  inssort2<Elem,Comp>(A, n, 1);
} 


In best-case, Performance is O(n)
In average-case, Performance is O(n^1.5).
------------------------------------------------
//Quick sort
[image: ]
Initial call: qsort(A, 0, n-1);
template <class Elem, class Comp>
void qsort(Elem A[], int i, int j) 
{
  if (j <= i) return; // zero or one elem 
	// Find pivot
  int pivotindex = findpivot(A, i, j);
  swap(A, pivotindex, j);  // Save pivot at end
  // Make two partitions; k will be first position on right side
  int k = partition<Elem,Comp>(A, i-1, j, A[j]);
	// Put pivot in proper place 
  swap(A, k, j);
         
	// Repeat above process for both partitions, excluding pivot 
  qsort<Elem,Comp>(A, i, k-1);
  qsort<Elem,Comp>(A, k+1, j);
}
template <class Elem>
int findpivot(Elem A[], int i, int j)
  { return (i+j)/2; }


//Partition
[image: ]
template <class Elem, class Comp>
int partition(Elem A[], int l, int r,
              Elem& pivot) 
{
  do 
  { // Move the bounds inward until they meet
    while (Comp::lt(A[++l], pivot)); // Move l right      
          while ((r != 0) && 
           Comp::gt(A[--r], pivot)); // Move r left
   
    swap(A, l, r); // Swap out-of-place values
  } while (l < r); // Stop when they cross
  
  swap(A, l, r);   // Reverse last swap
  
  return l;        // Return first pos on right
}
The cost for partition is Q(n).

Best case: Always partition in half.  So we have a total of log(n) partitions, and every time, we have “n” moves for a total cost (nlogn)
Worst case: Bad pivot partition:  Every time we have partitions of 1 and remaining elements.  So we will have a total of “n” iterations, and “n” moves every time for a total cost (n2)
Average case total cost: (nlogn)  (T(n) = cn + 1/n(sum of all possible partition costs.  
Optimizations for Quicksort:
Better Pivot
Better algorithm for small sublists 
Eliminate recursion
--------------------------------------------------
//Merge Sort
[image: ]
template <class Elem, class Comp>
void mergesort(Elem A[], Elem temp[],
               int left, int right) 
{
  int mid = (left+right)/2;
  if (left == right) return; // We have one element
	// Recursive calls on the two halves 
  mergesort<Elem,Comp>(A, temp, left, mid);
  mergesort<Elem,Comp>(A, temp, mid+1, right);
  for (int i=left; i<=right; i++) // Copy to a temporary
    temp[i] = A[i];
 	// below, we sort the two merged sublists 
  int i1 = left; int i2 = mid + 1;
  for (int curr=left; curr<=right; curr++) 
  {
    if (i1 == mid+1)      // Left exhausted
      A[curr] = temp[i2++];
    else if (i2 > right)  // Right exhausted
      A[curr] = temp[i1++];
    else if (Comp::lt(temp[i1], temp[i2]))
      A[curr] = temp[i1++];
    else A[curr] = temp[i2++];
  }
}
Mergesort cost:
	n Arrays of size 1 are merged
	n/2 arrays of size 2 are merged
	…..
	log(n) levels of recursion with Q(n) work is done at every iteration of the recursion.
	
	Total Cost = Q(nlog(n)) 
	Holds true for best, average, and worst cases.
Mergesort works well for sorting linked lists:
	Does not require random access.
--------------------------------------------------
//Heap Sort

[image: ][image: ]

template <class Elem, class Comp>
void heapsort(Elem A[], int n) 
{ 
  Elem mval;
     // Use max-heap constructor (it calls the function buildheap) 
  maxheap<Elem,Comp> H(A, n, n);
	// call the member function removemax (see chapter 5) 
  for (int i=0; i<n; i++)        
    H.removemax(mval);// Put max at end
}
Use a max-heap, so that elements end up sorted within the array.
Cost of heapsort: log(n)   (recall it is the count of siftdown)
Cost of finding K largest elements: k
Total cost = n log(n)
------------------------------------------------
//Radix Sort
[image: RadSort]
---------------------------------------------------
---------------------------------------------------
---------------------------------------------------
---------------------------------------------------
---------------------------------------------------


//Sequential search and list methods
Order lists by (expected) frequency of occurrence to minimize search cost.
Perform sequential search
Cost to access first record: 1
Cost to access second record: 2
Expected search cost:

[image: ]
Or more generally:

Where p0+np=1
p0 is the probability of unsuccessful search
---------------------------------------------------
//Heuristics
Count based approach (Most frequent) :  Order by actual historical frequency of access.  Not when frequency changes.
 
Move-to-Front (Most recent) : When a record is found, move it to the front of the list.  Responds well to change in frequency. 

Transpose: When a record is found, swap it with the record ahead of it.

Move to front and transpose are both good.  But, here are a few observations:
Move-to-front is not worse than twice “best arrangement”.
Transpose bad example: Keep swapping the last two elements.
--------------------------------------------------

//Disk access
Sequential and List based access methods work for data stored in RAM, by do poorly with access/storage to secondary memory.
For secondary memory (e.g. disk), hashing and indexing are better methods.  Since searching on disk can be very expensive (recall disk  I/O is 100000 – 1000000 times RAM I/O).
---------------------------------------------------
//Hashing

Hashing: The process of mapping a key value to a position in a table.
A hash function h maps key values to positions.  
A hash table HT is an array that holds the records.  
HT has M slots, indexed form 0 to M-1

For any value K in the key range and some hash function h, h(K) = i, 0 <= i < M, such that key(HT[i]) = K.
Hashing is appropriate only for no duplicate key
Good for both in-memory and disk-based applications.

“What record, if any, has key value K?” 
Not suitable for range searches, finding records with min or max key, visit records in key order.    Use Indexing 

h(key)=key%(maxtable)

If h(k1) = b = h(k2), then k1 and k2 have a collision at b under h.
Search for the record with key K:
Compute the table location h(K).
Starting with slot h(K), locate the record containing key K using (if necessary) a collision resolution policy.


Ideally, the hash function should distribute records with equal probability to all hash table slots to be filled.  In practice, success depends on distribution of actual records stored.


If we know nothing about the incoming key distribution, try to evenly distribute the key range over the hash table slots while avoiding obvious opportunities for clustering. (Clustering becomes a problem for collisions.)
If we have knowledge of the incoming distribution, use a distribution-dependent hash function.
---------------------------------------------------
//Open Hashing
[image: ]
-------------------------------------------------
//Closed Hashing
The new slot is found by a collision resolution policy.
two types of hashing:  
Bucket Hashing and Linear Probing
------------------------------------------------
//Bucket Hashing
[image: ]
Groups hash table slots into buckets.
Example: 8 slots/bucket, M=10
Include an overflow bucket.
Records hash to the first slot of the bucket, and fill bucket.  Go to overflow if necessary.
When searching, first check the proper bucket.  Then check the overflow.
Expensive if overflow bucket contains many records
If stored on disk: set bucket size to a disk block: one disk access/op 
--------------------------------------------------
//Collision Resolution
During insertion, the goal of collision resolution is to find a free slot in the table.
Probe sequence: The series of slots visited during insert/search by following a collision resolution policy.
Let b0 = h(K), then (b0, b1, b2 …) is the series of slots making up the probe sequence.
---------------------------------------------------
//Probe Function

pos = (home + p(key, i)) % M;
“I”  is the number of steps to reach an empty slot

Each time p() is called, it generates an offset:  a value to be added to the home position to generate the new slot to be examined.
p() may be a function of both the key and of the number of steps.
Not all probe functions use both parameters.
Insert: iterate until an empty slot is found, then Insert.
Find: iterate until the record is found

---------------------------------------------------
//Linear Probing
Use Closed Hashing with no bucketing.
Use the following probe function:
	p(K, i) = i 
Linear probing simply goes to the next slot in the table.
Past bottom, wrap around to the top.
To avoid infinite loop, one slot in the table must always be empty.

Primary Clustering: Records tend to cluster in the table under linear probing since the probabilities for which slot to use next are not the same for all slots.
Probability of collision is higher because of clustering.

[image: ]
--------------------------------------------------
//Improved linear probing
To avoid clustering,  Instead of going to the next slot, skip by some constant c: 
p(K, i) = ci   -  Pick M and c carefully
The probe sequence SHOULD cycle through all slots of the table.
Pick c to be relatively prime to M.
There could still be some clustering
------------------------------------------------
//Pseudo-Random Probing
An actual probe function cannot operate randomly. Why?
We wouldn’t be able to perform a search since we can’t duplicate a random number

Select a (random) permutation of the numbers from 1 to M-1:
r1, r2, …, rM-1
r1 is used as 1st step, r2 as 2nd step,…
All insertions and searches use the same permutation.
Example: Hash table size of M = 101
r1=2, r2=5, r3=32.
h(k1)=30, h(k2)=28.

Probe sequence for k1: 30, 32, 35, 62.
Probe sequence for k2: 28, 30, 33, 60.


-------------------------------------------------
//Quadratic Probing
Set the i’th value in the probe sequence as
p(K, i) = i2;
1st step would be 1, 2nd step would be 4,…
Example: M=101
h(k1)=30, h(k2) = 29.
Probe sequence for k1: 30, 31, 34, 39.
Probe sequence for k2: 29, 30, 33, 38.
-------------------------------------------------
//Double Hashing
Pseudo-random probing eliminates primary clustering.
If two keys hash to the same slot, they follow the same probe sequence.  This is called secondary clustering.
To avoid secondary clustering, need probe sequence to be a function of the original key value, not just the home position.

Instead of improved linear probe p(K, i) = ci, use p(K, i) = h2(k)i 
Pos=(h(k)+i*h2(k)) % M
A good choice ensures that all probe sequence constants are relatively prime to M. This will be true if M is prime and h2 returns a number between 1 and M-1, or if M=2m and h2 returns an odd value.
Example: Hash table of size M=101
h(k1)=30, h(k2)=28, h(k3)=30.
h2(k1)=2, h2(k2)=5, h2(k3)=5.
Probe sequence for k1 is:30, 32, 34, 36, 38, 40, 42
Probe sequence for k2 is:28, 33, 38, 43, 48, 53,58
Probe sequence for k3 is:30, 35, 40, 45, 50, 55, 60
---------------------------------------------------
//Deletion and Tombstone
Deleting a record must not hinder later searches (remember that an empty slot in the search process was interpreted as the element not being in the table)
We do not want to make positions in the hash table unusable in order to solve the above problem
The above two problems can be resolved by placing a special mark in place of the deleted record, called a tombstone.
A tombstone will not stop a search and the slot can be used for future insertions.

Unfortunately, tombstones add to the average path length.
Solutions:
Local reorganizations (move records up and overwrite the tombstones) to try to shorten the average path length.
Periodically rehash the table (by order of most frequently accessed record).
---------------------------------------------------
//Analysis of closed hashing
Search:  Distinguish between successful and unsuccessful searches. (successful is faster)
Deletion = Number of accesses required for a successful search
Insertion = Number of accesses required for unsuccessful search  (need to find empty slot along a record probe) 
We can expect that Deletion takes less time than Insertion

The load factor is a = N/M where N is the number of records currently in the table.
[image: ]
Linear probing slower than random probing
 Insertion or unsuccessful search slower than deletion or successful search
 Cost of hashing when the table is not full ~ close to 1
 Cost remains low until hash table is ½ full.
---------------------------------------------------
---------------------------------------------------
---------------------------------------------------
---------------------------------------------------
---------------------------------------------------
//Indexing
Entry sequenced file: records ordered by time of insertion.
Search with sequential search

Index file: stores pointers to actual records.
Could be organized with a tree or other data structure.

Primary Key: A unique identifier for records.  May be inconvenient for search.
example: ID

Secondary Key: An alternate search key, often not unique for each record.  Often used for search key.
example: last name 
-------------------------------------------------
//Linear Indexing
Index file organized as a simple sequence of key/record pointer pairs with key values are in sorted order.
Concept similar to hashing: Given a key, you get where the record location.
Linear indexing is good for searching variable-length records.  

[image: LinVar]

If the index is too large to fit in main memory, it is stored on disk and a second-level index might be used and stored in memory. Each key is an index to a disk block. 
Recall  reading a block = a single read I/O.
A whole block (or multiples) can be fetched into main memory at a time.  Binary search is used within a block
[image: LinIndex]

Secondary Indexing
When querying a DB by something other than primary key, may need secondary index.
Secondary indices, such as last names, point to primary indices, which in turn point to full records.
Multiple records with same secondary indices duplicate values within the index: Waste space 
One solution is the 2-dimensional linear index

[image: ]
With 2-dimensional linear index, there is no duplication and the cost of insertion/deletion is reduced; 
A new row must be added when a new secondary key is added
Array size is fixed which poses an upper limit
There is wasted space (empty table cells)
Alternative: Inverted Lists (since secondary pointing to primary, not the other way around)

---------------------------------------------------
//Inverted lists
[image: ]
--------------------------------------------------
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